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Abstract 
Carbon nanotubes (CNTs) are known to possess extraordinary strength, stiffness and ductility 
properties.  Their fracture resistance is an important issue from the perspective of durability and 
reliability of CNT-based materials and devices.  According to existing studies, brittle fracture is one of 
the important failure modes of Single-Walled Carbon Nanotube (SWNT) failure due to mechanical 
loading.  However, based on the authors’ knowledge, the fracture resistance of CNTs has not been 
quantified so far.  In this paper, the fracture resistance of zigzag SWNTs with preexisting defects is 
calculated using fracture mechanics concepts based on atomistic simulations.  The interatomic forces 
are modeled with a modified Morse potential; the Anderson Thermostat is used for temperature 
control.  The problem of unstable crack growth at finite temperature, presumably caused by lattice 
trapping effect, is circumvented by computing the strain energy release rate through a series of 
displacement-controlled tensile loading of SWNTs (applied through moving the outermost layer of 
atoms at one end at constant strain rate of 9.4x10-4/ps) with pre-existing crack-like defects of various 
lengths.  The strain energy release rate, G, is computed for (17,0), (28,0) and (35,0) SWNTs (each 
with aspect ratio 4) with pre-existing cracks up to 29.5Å long.  The fracture resistance, Gc, is 
determined as a function of crack length for each tube at three different temperatures (1K, 300K and 
500K).  A significant dependence of Gc on crack length is observed reminiscent of the rising R curve 
behavior of metals at the macroscale:  for the zigzag nanotubes Gc increases with crack length at small 
length, and tends to reach a constant value if the tube diameter is large enough.  We suspect that the 
lattice trapping effect plays the role of crack tip plasticity at the atomic scale.  For example, at 300 
Kelvin, Gc for the (35,0) tube with  aspect ratio 4 converges to 6 Joule/m2 as the crack length exceeds 
20 Angstrom.  This value is comparable with the fracture toughness of graphite and Silicon.  The 
fracture resistance of the tubes is found to decrease significantly as the temperature increases.  To 
study the length effects, the computations are repeated for zigzag nanotubes with the same three 
chiralities but with aspect ratio 8 at 1K.  The fracture resistance of the longer nanotubes are found to 
be comparable to those of the shorter nanotubes.   
Keywords 
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1. Introduction  
Carbon nanotubes (CNTs) are one or more layers of helical carbon microtubules, in which each 
layer can be described as rolling a single sp2 graphene sheet into a cylinder along a vector called 
the chiral vector (m,n).  Although earlier findings related with tubular shape of carbon atoms had 
been reported, it was Iijima’s report [1] that gave rise to the current wave of enthusiasm on CNTs.  
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CNT can be classified as single-walled nanotube (SWNT) and Multi-Walled nanotube (MWNT).  
MWNTs usually have diameters of less then 100nm, and length in micrometers [1-4].  CNTs have 
been found to possess excellent electronic, mechanical, optical and thermal properties, which make 
the carbon nanotube a potentially very useful material and CNTs are now used as fibers in 
composites, scanning probe tips, field emission sources, electronic actuators, sensors, Li ion and 
hydrogen storage and other electronic devices.  Nowadays, various techniques, such as arc-
discharge, laser-ablation, and catalytic growth are applied to produce CNTs.   
CNTs have extraordinary mechanical properties that have been the subject of both computational 
and experimental investigations since the early 1990s.  For example, the CNT Young’s modulus 
was measured through thermal vibration [5,6] and resonant vibration [7,8] tests of cantilevered 
CNTs, by direct stretching tests [9,10] of CNT samples, and by bending/buckling tests [11,12] 
using atomic force microscopy.  These experiments suggested that CNT Young’s modulus is 
usually around 1 TPa, and single-walled nanotubes (SWNT) is slightly stiffer than multi-walled 
nanotubes.  Experiments also show that Young’s modulus drops quickly as the diameter of tubes 
increases [5,7,8,13].  Tensile strength of CNTs obtained from direct stretching tests [9,10,14] is 
found to vary between 10 and 150 GPa.  The Poisson’s ratio of CNTs, is found to vary from 0.14 to 
0.34 according to various simulation studies [15].  Radial deformation of CNTs has been 
investigated and it was found that CNTs are very resilient and can be reversibly deformed up to a 
strain of 50% [16,17].  CNTs were also found to be robust under hydrostatic pressure.  Experiments 
reported that SWNTs were reversibly compressed to a high pressure (2.9 GPa reported by [18], 4 
GPa by [19], or even 10 GPa by [20]).  Twisted and collapsed CNTs were observed with TEM 
[21,22], and the highly deformed structures seemed to be quite stable.  Bending tests [7,11,23,24] 
showed that CNTs are extraordinarily flexible under large strains.  CNTs can be bent to large angles 
without apparent distortion in local structures.  Beyond certain angles, local buckling happens at 
the compression side of the tube, but is generally elastic and reversible.  The MWNT walls can 
even flatten into deflated ribbons under torsion but still can restore their original shape.  The 
capability of non-linear but reversible local deformation provides CNTs excellent resilience in 
bending and compression [14,25].  The bending strength of MWNTs has been obtained as 14.2 +/- 
8.0 GPa using the strain at the initial buckling point by Wong et al [11].  Shear and interlayer 
sliding of MWNTs were also studied with experiments [26-28].   
The fracture resistance of CNTs could be a key factor when they are used in load-bearing or load-
sensing materials/devices and must be properly quantified before such CNT-based products are 
adopted for widespread use.   However, to the knowledge of the authors, the fracture resistance of 
CNTs have not be quantified with any precision thus far. 
Presumably due to their small size, few experimentally observed details have been reported in the 
literature on the fracture properties and processes of CNTs.  In a series of high-resolution TEM and 
tight binding simulation studies [29,30] on fracture of CNTs, the CNT sample was formed by 
thinning a carbon film with the aid of an intense electron beam.  This thinning mechanism turns out 
to be an efficient method to release the axial tension in the fiber.  It was reported that both brittle 
and ductile fracture could be possible for SWNTs.  However, under what conditions the SWNT 
would favor brittle/ductile fracture modes was not explained by the experiment.   
Based on atomistic simulations, another study [31] found that SWNTs can also undergo plastic 
deformation due to mechanical loading, depending on the external conditions and tube symmetry.  
The plastic deformation is believed to result from successive formation of Stone-Wales (SW) 
rotations and gradually changing of CNT configurations.  However, the above explanations of 
plastic deformation were challenged by two other studies.  Dumitrica et al. [32] argued that the 
energy barrier for SW defects formation at room temperature is high enough to inhibit stress-
induced SW defects formation, and showed the direct bond-breaking is a more likely failure 
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mechanism for defect-free nanotubes.  In the same study [32], by modeling the energy states of 
SWNTs with electronic structure programs, they showed that brittle fracture is the dominant failure 
mode at low temperature.  A quantum mechanical study [33] pointed out that the results in [31] and 
related works were not reliable since the potential model they used (i.e., the Bond Order model) 
was not capable of correctly describing breaking of the bond connecting the two pentagons in the 
SW pair.  That same study [33] further found that pre-existing SW defects caused successive bond 
breakings instead of bond rotations as reported by [31,34-36].  Based on above studies, some 
general conclusions can be drawn: zigzag tubes favor brittle mode, while armchair tubes, under 
high temperature and high strain, can sometimes undergo significant plastic deformation before 
fracture.   
Further, it is well-known that defects are commonly present in nanotubes (either resulting from the 
manufacturing process or intentionally introduced to improved functionalities): vacancies, 
metastable atoms, pentagons, heptagons, Stone-Wales defects, heterogeneous atoms, discontinuities 
of walls, distortion in the packing configuration of CNT bundles, etc. are widely observed in CNTs 
[37-40].  According to an STM observation of the SWNT structure, about 10% of the samples were 
found to exhibit stable defect features under extended scanning [41].  Defects can also be 
introduced by mechanical loading [31] and electron irradiation [37].  These defects have been 
found to have significant influence on CNT mechanical properties [42,43].  It is reasonable to 
assume that such defects could initiate brittle fracture in CNTs under appropriate conditions.  In 
this paper, the authors try to investigate the brittleness of zigzag SWNTs with pre-existing defects 
using metrics commonly used in fracture mechanics based on displacement- controlled constant-
temperature loading of the tubes through atomistic simulation.   
2. Atomistic simulation of SWNTs under mechanical loading 
Atomistic simulations, if performed correctly, provide an efficient and economical alternative to 
actual laboratory experiments in studying small scale mechanical processes.  In this study, the 
carbon-carbon interaction is modeled with a modified Morse potential [44] that has been applied to 
study SWNT mechanics.  The potential energy has the form:  
( , ) ( , , )i stretch angle stretch angle
j jk
E E E E i j E i j k= + = +∑ ∑  (1) 
0( ) 2( , ) {[1 ] 1}r rstretch eE i j D e
β− −= − −                                                               (2) 
2 4
0 0
1( , , ) ( ) [1 ( ) ]
2angle ijk sextic ijk
E i j k k kθ θ θ θ θ= − + −  (3) 
This is the usual Morse potential except that the bond angle-bending energy has been added and the 
constants are slightly modified so that it corresponds with the Brenner potential [45] for strains 
below 10% [44].  stretchE  in Eq (1) is the potential energy due to bond strength, r is the length of the 
bond.  angleE  in Eq (1) is the potential energy due to the bond angle bending, θ is the current angle 
of the adjacent bonds.  The potential model parameters are 0r =1.39×10
-10 m, De = 6.03105 ×10-19 
Nm, β = 2.625 ×1010 m-1, θ 0 = 2.094 rad, kθ = 0.9×10-18 Nm/rad2, ksextic = 0.754 rad-4.  For 
computational convenience, time, distance and quantities representing velocity, energy etc. are 
reduced to non-dimensional numbers during the simulation.  Table 1 shows the reduction of units.  
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The bond order model is frequently used in simulations of carbon nanotubes.  However, as pointed 
out by a few studies [33,44,46], the cutoff function in Brenner’s bond order model is said to give 
rise to spurious forces and inaccurately large breaking strain.  As discussed in Section 1, the 
fracture modeling using bond order model gave different fracture mechanism from the studies of ab 
initio calculation.  The Modified Morse model seems to perform better in the fracture properties 
[44].  However, studies have shown that correctly reproducing the phonon dispersion properties of 
a crystal is important for thermodynamic stability of the lattice structure and the simulation of the 
thermal and electronic properties of the crystal.  According to existing studies, up to the fourth 
closest neighbor interactions are need for correctly reproducing the phonon dispersion properties of 
graphene [47].  However, because of the curvature of carbon nanotube, the calculation of phonon 
modes required different interaction terms for consideration of inclusion of force constants [39].  
Since the Modified Morse potential considers only the 1st and 2nd closest neighbors, there is a 
possibility that it may not be sufficient for correctly reproducing the phonon dispersion properties 
of carbon nanotubes.  However, the calculation of phonon modes with the Modified Morse 
potential could not be located in the literature by the authors.  Nevertheless, the Modified Morse 
potential has already been shown in literature [44] and our benchmark simulations [48] to be able 
to keep thermodynamic stability of the nanotube, and to reproduce carbon nanotube mechanical 
properties (such as elastic modulus and strength) fairly well.  Therefore, since this paper concerns 
the fracture resistance of carbon nanotubes, the authors consider phonon dispersion properties as 
less of a focus, and adopt the Modified Morse potential for atomistic simulations in this paper.  
Figure 1 (a) shows a (17,0) tube of aspect ratio 4 (length, l = 23.4 Å) that is loaded to failure at 
room temperature (300 Kelvin).  The time histories of energies, temperature, force and 
displacement until the tube breaks are shown in part (b) of the Figure.  The tube is stretched by 
forcing the atoms at one end to move at constant speed.    The loading rate is v = 1.67×10-4 r.u. 
(reduced unit), which produces a displacement of 5.0 nm in 1 ns.  The initial atomic velocities are 
randomly chosen according to a uniform distribution (between the limits −0.5 and 0.5) and then 
rescaled to match the initial temperature of 300 Kelvin.   At the beginning of the simulation, the 
tube is relaxed for about 200 reduced units.   
The tube is found to exhibit brittle behavior at fracture: once the tube deformation reaches a critical 
level, atomic bonds break successively and lead to a complete fracture in a very short time.  The 
detailed fracture process starting at around time 2256 r.u. and ending around time 2263 r.u. is 
shown in Figure 2 (a) while the corresponding force time history is magnified in Figure 2 (b).  A 
total of 8 snapshots marked A through I have been identified and reproduced in Figure 2 (a), each 
of which corresponds to the breaking of one or more atomic bonds.  The same 8 points have also 
been indicated in the time history of Figure 2 (b). 
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Figure 1 (a) A (17,0) zigzag SWNT with length 23.4 Å (highlighted atoms are 
subjected to displacement controlled loading at 300K), and (b) Atomistic 
simulation of the time histories to fracture 
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Figure 2 Detailed fracture process for a (17,0) SWNT with length 23.4Å; (a) (A-H) 
Snapshots (b) corresponding force time history 
 
The time histories in Figure 1 (b) can be used to verify some of the well-known mechanical 
properties of SWNTs.  The axial force Fz is calculated by summing the forces acting on the atoms 
in the axial direction at one end of the tube, and stress is calculated as zzσ = zF A  in the following 
computations.  The cross-sectional area, A, of the tube is taken to be 139.1 Å2, based on the 
commonly adopted value of tube wall thickness of 0.34 nm [2] as stated above.  The deformation 
of SWNT is not purely linear, the stiffness decreases gradually up to the break point, as shown in 
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Figure 3 (a).  Part (b) of the figure adopts this force-displacement relation in computing strain 
energy release rates for fracture resistance measurement as discussed in detail in Section 3.  
  
Figure 3. (a) Force-displacement curve of the (17,0) SWNT with length 23.4Å (b) Method used in this study 
for determining strain energy release rate using displacement-controlled fracture test 
 
Table 1 Reduced units for atomistic simulation 
 
Quantity Reduced units Real units 
Length 1 1 ×10-10 m 
Energy 1 eV = 1.602×10-19 J 
Mass 1 1.992×10-26 kg 
Temperature 1 1.1609×10 4 K 
Time 1 3.526×10-14 s 
Force 1 1.602×10-9 N 
Pressure 1 160.2 GPa 
Speed 1 2.836×10 3 m/s 
 Common mechanical properties can be 
calculated from the simulated force and 
displacement time histories above. For 
example, (i) The Young’s modulus can be 
calculated as the initial slope of the force-
displacement curve (multiplied with l/A) after 
a second order polynomial fit is applied to the 
force-displacement curve.  The resulting value 
for the (17,0) SWNT at 300K is E = 0.98 TPa.  
(ii) The ultimate strength can be calculated at 
the maximum force point, σu = Fmax/A, where 
Fmax is the maximum axial force.  The 
computed value is σu = 98.1 GPa.  (iii) The 
ultimate strain, which is the strain 
corresponding to the ultimate strength, can be 
calculated as εu = ∆Lu/l.  The engineering def- 
inition of strain is adopted for this example (i.e., with respect to the original undeformed 
dimensions).  The ultimate strain is found to be 11.58%.  (iv) The Poisson’ ratio can be calculated 
as the ratio between the strain in the lateral direction (averaged in two perpendicular directions at 
the midsection) and the strain in the axial direction. In this example involving the (17,0) SWNT at 
300K, the Poisson’s ratio is found to be 0.238.  
 
 
F 
∆ 
ac(∆0) 
 
ac(∆0)−3δa 
∆0 
ac(∆0)−2δa 
 
ac(∆0)−δa 
 
0 0.5 1 1.5 2 2.5 3 3.5
-20
0
20
40
60
80
100
Displacement (Angstrom)
F
or
ce
 (
r.
u.
)
Nanotechnology, Institute of Physics, vol. 17, pp. 1323 - 1332, 2006 
 8 
3. Fracture resistance analysis of zigzag SWNTs 
Elegant fracture theories have been developed during the past decades as reviewed in Lu and 
Bhattacharya [48] for fracture of materials at macro-scales.  It is important to note here that most of 
these approaches are continuum based.  As reviewed in [48], continuum approaches may not 
always be appropriate when details at the atomic scale become important. Concepts such as stress, 
density, crack surface area, stress intensity factor etc. are all based on continuum assumptions 
which do not necessarily hold at the atomic scale.  For example, the stress field in the absence of 
homogenization amounts to a discrete field with singularities at the atomic scale.  Since energy has 
the same meaning at all scales in thermomechanics [49], we adopt an energy-based approach to 
fracture in this paper, rather than one that is stress based.   
Based on the stress solution proposed by Inglis [50], Griffith [51] treated fracture as an equilibrium 
process in which the loss of strain energy can be equated to the surface energy generated due to the 
growth of cracks.  Irwin [52] introduced the parameter strain energy release rate, G, as a measure of 
the energy available for crack extension (also referred to as the crack driving force).  Consider a 
solid body in equilibrium containing a crack with length, a.  For the crack to extend, enough energy 
must be provided to overcome the surface energy of the material.  The critical condition of energy 
balance for an incremental increase in crack area is 
0s KdW dEd
dA dA dA
Π
+ + =                                                              (4) 
where Π is the potential energy, EK is the kinetic energy, Ws is the work required to create new 
surfaces, and A is the crack surface area.  The strain energy release rate, /G d dA= − Π equals GC at 
the onset of crack growth; GC is a measure of fracture resistance.   For brittle materials like glass, 
GC is a (temperature-dependent) material property independent of crack length.  On the other hand, 
ductile materials which allow plastic deformation ahead of the crack tip typically exhibit GC that 
increases with crack-length up to a point (and depends also on specimen geometry to some extent) 
– this property allows for stable crack growth in metals and is known as “rising R curve” (i.e., 
resistance curve) behavior [53]. 
Based on the force-displacement curve obtained through atomistic simulation, the work done by 
the external force (let us denote this work by W) can be calculated by integrating the area under this 
curve.  Since temperature control is applied, the kinetic energy part dEK/dA is negligible compared 
to the potential part.  Because the only net energy input is the work done by the external force, the 
net change of potential energy Π-Π0 (Π0 is the potential energy of the system at equilibrium) 
approximately equals W up to the onset of fracture, and hence we assume  / /d dA dW dAΠ ≈  in the 
following. 
The method used in this study to calculate the fracture resistance is based on the displacement-
controlled test method commonly used for macro scale fracture specimens.  However, important 
modifications are needed to account for the dynamics at the atomic level before this method can be 
applied to CNTs, as described in the following.  At finite temperatures, fracture happens in a 
catastrophic manner in all our simulations.  That is presumably because of the lattice trapping 
effect [32], which basically makes the energy barrier higher than what is needed for creating new 
surface.  The extra part of energy is thus converted into kinetic energy, which causes a sudden 
increase in the kinetic energy (as shown in Figure 1 (b)), and helps the local atoms on the edge of 
crack overcome the energy barrier for the crack to extend further.  Thus, it is difficult to obtain a 
stable crack growth at fixed displacement with atomistic simulation.   
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Crack Length
W
ac(∆0)−3δa ac(∆0) 
  
Therefore, instead of running one simulation for crack growth from a to a+δa, then to a+2δa and 
so on, up to ac(∆0) (where ac(∆0) is the crack length at the onset of catastrophic failure at fixed 
displacement ∆0), we run several separate simulations of tensile loading of SWNTs to fracture, with 
pre-existing crack lengths ac(∆0)−nδa, … , ac(∆0)−3δa, ac(∆0)−2δa, ac(∆0)−δa and ac(∆0), 
respectively.  The smallest crack length, aδ , in the circumferential direction is the distance 
between two nearest longitudinal bonds, i.e. aδ = 2.46 Å.  Here ( ) /cn a a aδ δ= − ; n is an integer 
because the nanotube wall is composed of discrete network of carbon atoms.  The strain energies 
Wn, …, W3, W2, W1 and W0, at the fixed displacement ∆0,  can be determined from the force-
displacement curves, as shown in Figure 3 (b).  Thus a W~a curve can be drawn for this fixed 
displacement ∆0 as shown in Figure 4.  This curve in turn can be used to calculate the slope dW/dA 
(and hence its negative the crack driving force, G) at various crack lengths.  In particular, at the 
critical crack length ac(∆0) the driving force equals the resistance, Gc.  Since ac(∆0) depends on the 
fixed displacement, ∆0, the resistance, Gc, can be computed for different ∆0 values and hence for 
different crack lengths.  This way, Gc vs. a curves can be obtained at various temperatures for 
different tube configurations.   
4. Discussion of Results  
We choose 3 zigzag SWNT configurations: (17,0), (28,0) and (35,0), each with an aspect ratio of 4 
(giving lengths of 23.4, 39.1 and 50.0 Angstroms respectively), at temperatures ranging from 1 to  
 500K.  Tensile loading is applied to 
nanotubes with 0, 1, 2, ..., n bonds 
cut at a time.  The values of n are 4, 
7 and 11, respectively, for the (17,0), 
(28,0) and (35,0) nanotubes.  The 
initial crack length for all nanotubes 
is set to be aδ = 2.46 Å. The 
constant loading speed is 5.0 nm/ns, 
8.5 nm/ns and  
9.8 nm/ns, respectively, for the 
(17,0), (28,0) and (35,0) SWNTs, so 
that the strain rate is constant 
(9.4x10-4/pico second).  Temperature 
is controlled with Anderson 
thermostat in which the probability 
of collision for each atom in each 
time step is set at 0.005.   
 
Figure 4 External work-Crack length (W-a) curve for SWNTs 
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Figure 5 External work-crack length (W-a) curve 
at 1 K for (a) (17,0), (b) (28,0) and (c) (35,0) SWNTs 
with aspect ratio 4 
Figure 6 External work-crack length (W-a) curve at 
300 K for (a) (17,0), (b) (28,0) and (c) (35,0) SWNTs 
with aspect ratio 4 
Figure 5 (a) shows the W-a data for the (17,0) zigzag SWNTs at temperature 1K at different fixed 
displacements, ∆0,i (∆0,i is the displacement at which the critical crack length ac(∆0,i) = 2.46(i+1) Å).  
The terminal slope of each curve gives Gc at the respective critical crack length.  It can be seen that 
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the terminal slope varies with i, suggesting crack-length dependent fracture resistance.  This aspect 
is probed in detail subsequently. 
 For nanotubes with larger diameters, it is 
possible to investigate the fracture properties 
with longer cracks.  Using the same method as 
above, (28,0) and (35,0) SWNTs with 0~7 
bonds cut, and 0~11 bonds cut respectively 
(maximum crack length 19.68 and 29.52 Å, 
respectively) are studied.  Their W-a relations 
at temperature 1K are shown in Figure 5 (b) 
and (c).  We see that W-a curves have a 
tendency to converge at higher displacements 
if the tube is wide enough. 
The effects of temperature on W-a plots are 
also investigated for each tube.  We choose 
two higher temperatures: 300 and 500 Kelvin.  
Corresponding W-a plots are shown in Figure 
6 and Figure 7. 
We now turn our attention to estimating 
fracture resistance of the three tubes at the 
three different temperatures.  As stated above, 
Gc is given by the negative of the right 
terminal slope of each W-a curve; the slope is 
computed using 3-point backward finite 
difference method.  Based on the W-a data 
from the previous figures, Gc vs. crack length 
for the three nanotube are shown in Figure 8 
for 1, 300, 500 Kelvin respectively.   A 
significant dependence of Gc on crack length 
is observed.  Gc increases with crack length 
initially, and tends to reach a constant value, 
about 7.0 Joule/m2 as crack length is large, as 
graphed in the Figure.   Another interesting 
thing is, this constant value seems not to be 
related with a specific tube diameter.   This 
behavior is strongly evocative of the rising R 
curve behavior for metals; we suspect that 
lattice trapping effect plays the role of crack-
tip plasticity at the atomic level. 
 
 
 
Figure 7 External work-crack length (W-a) curve 
at 500 K for (a) (17,0), (b) (28,0) and (c) (35,0) 
SWNTs with aspect ratio 4 
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Figure 8 Gc (Joule/m2) vs. length for (17,0), (28, 0) 
and (35,0) SWNT with aspect ratio 4 at (a) 1, (b) 
300 and (c) 500 Kelvin 
Figure 9 Critical strain energy release rate at 1, 
300 and 500 K for (a) (17,0) SWNT (b) (28,0) 
SWNT (c) (35,0) SWNT with aspect ratio 4 
The dependence of Gc on temperature is also significant.  At higher temperatures, W-a plots have 
increased fluctuations, which makes it more difficult to compare with each other.  From these W-a 
data, it is found that Gc drops substantially as temperature increases, and the trend is graphed in 
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Figure 9 for (17,0), (28,0) and (35,0) SWNTs.  For example, at large crack lengths, the asymptotic 
value of Gc drops from 7.0 to 5.5 and then to 4.9 J/m2 at 1, 300 and 500 K, respectively.  However, 
the flattening trend of Gc vs. a curve is retained. 
The values of Gc at the different crack length for 1, 300 and 500 Kelvin for nanotubes of the three 
different diameters are summarized in Table 2.   
Table 2 Gc (Joule/m2) at different critical crack length ∆0  for (17,0), (28, 0) and (35,0) SWNT with 
aspect ratio 4 at 1, 300 and 500 Kelvin  
 
In order to investigate the effects of the length of the nanotubes, simulations are conducted for 
another set of carbon nanotubes with the aspect ratio twice that of the original set.  Common tensile 
properties (the Young’s modulus, the ultimate strength, the ultimate strain and Poisson’s ratio) as 
well as fracture resistance at different crack lengths are computed.  Because the fracture resistance 
data at 300 and 500 Kelvin has much fluctuations and thus hard to compare, only fracture 
resistances at 1 Kelvin are compared.  The comparison between the two sets are shown below in 
Table 3 and  
 Mechanical properties 
(17,0) SWNT (28,0) SWNT (35,0) SWNT 
Aspect ratio 8 4 8 4 8 4 
Length (Å) 48.2 23.4      81.2 39.1   101.8 50.0 
E (TPa) 1.13 1.12 1.16 1.15 1.19 1.16 
σu (GPa) 94.98 95.05 94.57 94.56 94.37 94.51 
εu 14.96% 15.07% 14.60% 14.66% 13.75% 14.61% 
ν 0.303 0.305 0.301 0.302 0.296 0.296 
 
Table 4 respectively.  The tensile properties appear to be quite insensitive to length changes.  The 
fracture resistance shows no definite trend, although in a majority of the cases the longer nanotubes 
are found to have higher fracture resistance than the shorter tubes, but the difference seems to 
Crack 
length, 
a (Å) 
Fracture resistance, Gc  (J/m2) 
(17,0) SWNT (28,0) SWNT (35,0) SWNT 
1K 300K 500K 1K 300K 500K 1K 300K 500K 
27.06       7.044 5.049 4.503 
24.60       7.134 6.341 5.353 
22.14       7.163 5.402 5.064 
19.68       7.212 5.605 5.678 
17.22    6.987 2.720 2.126 7.072 5.304 4.023 
14.76    7.358 2.927 2.378 6.810 5.297 4.680 
12.30    6.706 2.683 3.824 6.237 4.596 4.810 
9.84 4.759 4.499 0.5894 6.536 2.307 1.103 5.400 5.206 3.683 
7.38 4.440 2.482 2.1148 4.861 1.950 1.038 4.245 2.564 2.233 
4.92 3.703 1.094 0.6050 3.797 1.766 2.097 2.953 2.699 3.167 
2.46 1.409 1.173 0.4425 1.256 0.476 0.453 1.0347 0.6866 0.111 
Note:  indicates a  is too large for given SWNT configuration, hence Gc is not calculated 
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decrease as the tube diameter increases.  
Table 3 Comparison between mechanical properties of nanotubes with different aspect ratios, at 1 K 
 
Mechanical properties 
(17,0) SWNT (28,0) SWNT (35,0) SWNT 
Aspect ratio 8 4 8 4 8 4 
Length (Å) 48.2 23.4      81.2 39.1   101.8 50.0 
E (TPa) 1.13 1.12 1.16 1.15 1.19 1.16 
σu (GPa) 94.98 95.05 94.57 94.56 94.37 94.51 
εu 14.96% 15.07% 14.60% 14.66% 13.75% 14.61% 
ν 0.303 0.305 0.301 0.302 0.296 0.296 
 
Table 4 Comparison between fracture resistances of nanotubes with different aspect ratios, at 1 K 
Crack 
length, a 
(Å) 
Fracture resistance, Gc  (J/m2)  
(17,0) SWNT (28,0) SWNT (35,0) SWNT 
Aspect ratio 8 4 8 4 8 4 
27.06 
    8.8716 7.044 
24.60 
    8.7717 7.134 
22.14 
    7.3175 7.163 
19.68 
    7.5448 7.212 
17.22 
  11.003 6.987 5.9990 7.072 
14.76 
  6.7289 7.358 6.2920 6.810 
12.30 
  5.8009 6.706 4.2397 6.237 
9.84 7.3692 4.759 5.2100 6.536 3.2048 5.400 
7.38 5.5898 4.440 3.6845 4.861 3.4596 4.245 
4.92 3.6745 3.703 2.2597 3.797 1.5553 2.953 
2.46 1.5137 1.409 0.8520 1.256 1.1211 1.0347 
Note:  indicates a  is too large for given SWNT configuration, hence Gc is not calculated 
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Finally, the fracture energies of other brittle materials are given in Table 5 for comparison.  Zigzag 
carbon nanotubes may be stated to be more brittle than graphite but tougher than Silicon. 
Table 5 Fracture energy of brittle materials [54-56]  
Material Fracture resistance, 
Gc (J/m2) 
Al2O3 25~54 
Graphite 85 (E=12 GPa), 68.1 
(E=14.7 GPa) 
SiC 15.2~25.6 
Si 2.7 
Si 1.2 
NaCl 0.25 
MgO 1.2 
Zigzag tube (300 K) 0.5 ~ 6.0 
 
5. Conclusion  
The fracture resistance of zigzag carbon nanotubes are investigated quantitatively in this study, by 
applying fracture mechanic concepts to nanostructure and modeling the deformation with atomistic 
simulation.  The SWNTs’ fracture resistance in the form of critical strain energy release rate Gc is 
determined for (17,0), (28,0) and (35,0) SWNTs (each with aspect ratio 4) with cracks up to 29.5Å 
long. The fracture resistance is comparable with the fracture toughness of graphite and Silicon.  A 
significant dependence of Gc on crack length is observed:  Gc increases with crack length at small 
length, and tends to reach a constant value.  The Gc vs. crack length relation seems not to depend 
much on the diameter of the nanotubes.  This behavior is strongly evocative of the rising R curve 
behavior for metals; we suspect that lattice trapping effect plays the role of crack-tip plasticity at 
the atomic level. 
Dependence of Gc on temperature is also investigated for SWNTs with aspect ratio 4.  Gc drops 
sharply as temperature increases; but for a given temperature the shape of the Gc vs. crack length 
curve remains qualitatively the same.   
The length effect on fracture resistance is investigated in a limited way:  Gc is computed only at 1K 
for the (17,0), (28,0) and (35,0) SWNTs each with aspect ratio 8.  The fracture resistance shows no 
definite trend although in a majority of the cases the longer nanotubes are found to have higher 
fracture resistance than the shorter tubes.  This difference seems to decrease as the tube diameter 
increases.  
Future investigation should include fracture resistance of armchair and chiral SWNTs and MWNTs 
and effect of strain rates.   
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